We study the behavior of Legendrian and transverse knots under the operation of connected sums. As a consequence we show that there exist Legendrian knots that are not distinguished by any known invariant. Moreover, we classify Legendrian knots in some non-Legendrian simple knot types.
INTRODUCTION
The last few years have brought forth several advances in our understanding of Legendrian and transverse knots. Roughly speaking, our knowledge has advanced on two fronts: via the holomorphic theory and via 3-dimensional topology. The most concrete realization of the holomorphic theory is the theory of Chekanov-Eliashberg contact homology invariants [Ch, EGH] . This theory yielded the first examples of nonisotopic Legendrian knots with the same classical invariants: the topological type, the Thurston-Bennequin invariant, and the rotation number. (There are also more computable variants derived from contact homology, such as the characteristic algebra of Ng [Ng] .) The purpose of these holomorphic invariants is to distinguish. Their counterpart is 3-dimensional contact topology, which has the flavor of classical 3-dimensional cut-and-paste topology with a slight twist. The main tool here is convex surface theory, introduced by Giroux [Gi] . Using recent advances in convex surfaces, the authors completely classified Legendrian torus knots and Legendrian figure eight knots [EH] . A complete classification of Legendrian knots of a certain topological type implies the complete classification of transverse knots of the same topological type [EH] (although not vice versa); hence transverse torus knots and transverse figure eight knots are classified (the predecessor to this result is [Et1] ). More recently, Menasco [Me] classified all transverse iterated torus knots by using the work of Birman-Wrinkle [BW] which rephrased the classification question into a question in braid theory.
The goal of this paper is to prove a structure theorem for Legendrian knots, namely the behavior of Legendrian and transverse knots under the connected sum operation. Our main theorem (Theorem 3.4) classifies Legendrian knots in a non-prime knot type, provided we understand the classification for the prime summands. Theorem 3.4, in essence, is the relative version of Colin's gluing theorem for connected sums of tight contact manifolds [Co] . One corollary of our main theorem is the existence of Legendrian knots which are not contact isotopic but are indistinguishable by all known invariants (including the holomorphic invariants). Moreover, for any integer , there exist Legendrian knots with identical invariants that are non-Legendrian-isotopic even after stabilizations. Previously it was not known whether Legendrian knots (with identical invariants) became isotopic after one stabilization, largely due to the fact that the Chekanov-Eliashberg invariants vanish on stabilized Legendrian knots. Theorem 3.4 also implies the following: the connected sum of transversally simple knot types is transversally simple (see Section 3 for definitions). The plan for the paper is as follows. After reviewing some background (especially on connected sums of knots) in Section 2, we give precise statements of the main theorem in Section 3 and its applications in Section 4. The main theorem is proved in Sections 5 and 6.
SOME BACKGROUND AND NOTATION
We assume familiarity with basic notions in contact geometry, such as characteristic foliations and convex surface theory. This can be found in [Et2] (see also [Ae, El, Gi] ). As this paper is a sequel to [EH] we assume the reader is familiar with its contents. In particular, Sections 2 and 3 of [EH] are foundational and develop the necessary terminology and background on Legendrian knots and transversal knots.
In this paper, our ambient 3-manifolds and knots are oriented, and "knot types" are oriented knot types. Let ¡ £ ¢ and ¡ ¥ ¤ be 3-manifolds. We first describe the connected sum of two (topological) knots 
T his clearly is an equivalent definition of the connected sum in Y a F rom this definition it is easy to arrive at the familiar diagrammatic picture of a connected sum. See Figure 1 
THE MAIN THEOREM
We first explain Colin's gluing theorem [Co] . Denote the space of tight contact 2-plane fields on a 3-manifold
. Then we have the following:
Theorem 3.1 (Colin) . Given two 3-manifolds 
. According to Colin's theorem, the contact structure induced on 
This lemma easily follows from the facts that s and can be computed from the characteristic foliation of a Seifert surface of a knot (see [EF] ) and that we can control the characteristic foliation on the Seifert surface for [EH] ) and diagrammatically corresponds to "adding kinks" to } z T he following is our main theorem.
Here the equivalence relation is of two types:
(1)
Theorem 3.4 will be proved in Section 6. We now discuss its consequences. Let s $ ( denote the maximal Thurston-Bennequin invariant over elements in $ d ( . Then,
This corollary was independently proven by Torisu in [To] . Theorem 3.4 takes on a particularly simple form when one restricts attention to maximal Thurston-Bennequin knots.
} admits a unique prime decomposition (modulo potential permutations).
Recall the strategy described in [EH] for classifying Legendrian knots of a given a topological knot type. The idea was to (1) prove that Legendrian knots in a particular knot type would always destabilize to a knot with maximal T and then (2) 
. We leave it as a simple exercise to check that this definition of the connected sum of knots is equivalent to the one given above. It has the advantage of being done ambiently, i.e., we do not take connected sums of the ambient manifolds, only of the knots.
Since any Legendrian isotopy can be assumed to miss a preassigned point, the classification of Legendrian knots in $ Y aW T x ( and in $ aW T ( are equivalent. Moreover, there is a convenient diagrammatic description of Legendrian knots in a in terms of front projections (for example, see [EH] ). Figure 2 indicates two ways in which the ambient connected sum (described in the previous If we plot the possible values of T and for a negative torus knot, we obtain a picture similar to that of Figure 3 . 
Y Ì
) and gluing in copies of the standard trivial pair. Then there exists a sequence 
by performing one of the following: are isotopic Legendrian knots, since stabilizations of a knot can be transfered from one side of the separating sphere to the other. Therefore the map is well-defined.
